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An approximate solution is given for the tempera ture  distribution in a porous body bearing a 
flow of cooling agent which undergoes a phase t ransi t ion.  

We consider the passage of an incompressible  liquid of constant specific heat through an isosceles  
porous wedge. The p re s su re  and tempera ture  at the faces AC and AB (BC) of the wedge (Fig. la) are  con- 
stant and are  correspondingly Pin; Tin and Pout; Tout (Pin > Pout; Tin < Tout); within the region of motion 
of the liquid, there is boiling, giving r i se  to a gas, the thermodynamic state of which defined by 

p~=p, RT~. (1) 

If  the s teady-sta te  motion of the liquid within the porous medium is accompanied by a phase t r ans i -  
tion, the entire region consists  of two zones separated by a t ransi t ion layer;  one zone AaCDA is filled 
solely with liquid, and the other ABCaA with vapor.  The thicl~ness of the t ransi t ion layer  may be taken as 
zero, because it is extremely small compared with the dimensions of the porous body. The tempera ture  
of the coolant changes stepwise on passage through the boiling surface; the superheating of the liquid is 
substantially dependent on the nature of the liquid and the roughness of the heating surface [1]. A porous 
medium is ve ry  rough and there  is a fair ly extensive c lass  of liquids for which this tempera ture  discon-  
tinuity is small, e . g . ,  water, and so we neglect the superheating of the liquid on the boiling isotherm.  

We adopt the following assumptions for the infiltration region: 

1) the coolant tempera ture  and the tempera ture  of the porous medium are  the same at each point 
[2-4]; 

2) the viscosi t ies  of the liquid and gas are  dependent only on temperature;  

3) the motion of the liquid and vapor in the porous body is subject to a power res i s tance  law with the 
same power n > 0: 

czj 
Vj = - -  ~ grad pj. (2) 

The entire wedge ABCDA rece ives  an incompress ible  liquid of the same nature as  that in zone 
AaCDA, and in exactly the same way there moves a gas of the same nature as that in zone ABCaA, i . e . ,  
we actually consider the motion of a hypothetical liquid (gas) through a porous wedge, the thermophystcal  
charac te r i s t i c s  of which are  monotonic and continuous functions of t empera ture  and pressure ,  with no 
phase t ransi t ion.  Then in the region of motion we have, by virtue of our three assumptions a tempera ture  
distribution defined by the solution to 

AT ~ cjp___]/Vjgrad T~ = 0; (3) 
~'J,eff 

that sat isfies the following boundary conditions: for a l iqutdat face AC, T 1 = Tin; Pl = Pin and T 1 = Tlout; 
Pl = Plout at faces AB and BC; for the gas at face AC, T 2 = T2in; P2 = P2in and T 2 = Tout; Pz = Pout, at faces 
AB and BC. Here the constants T~out, Plout, T2in, P2tn are  unknowns to be determined.  
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Fig .  i .  F i l t r a t ion  reg ion  in: a) x - y  coordinates :  1) ~" 

= 0; ~- = constant < 0; 3) phase - t r ans i t i on  line; b) ~" 
- fi coord ina tes .  

We use e u r v t l t n e a r  o r thogona l  coo rd ina t e s  P ,  ,I,, and ~o as  shown in [5], which  enables  us to put 
(3) in the f o r m  

0 OTs I I 0 ) + C s OT~ 
~0~ (4) 

O% j ~j,f-----7 Oz-----j- 

_ Rn +lvnT n whe re  ~1 = vPp t (T) /% • - 2 a +lP2(T)/~ vt = VI; v2 = P2V2; C1 = clPl; C2 = ep; while ,I,j is  
the c u r r e n t  funct ion that sa t i s f i e s  

OT s O~F s 
v;~- Og ; vsu= Ox (5) 

If the r e s i s t a n c e  law is  l inea r  (n = 0), it fol lows f r o m  (4) that the t e m p e r a t u r e  is  a s ing le -va lued  
funet ion of the p r e s s u r e ,  and so  the pa r t i a l  d i f fe ren t ia l  equat ion (4) can be r educed  to an o r d i n a r y  d i f f e r -  
ential  equation, whieh is r e a d i l y  i n t eg ra t ed  subject  to the above bounda ry  condi t ions .  If the inf i l t ra t ion  
is  nonl inear  (n r 0), i t is  r a t h e r  m o r e  difficult  to solve Eq. (4), but for  the a s s u m e d  range  of inf i l t ra t ion  
r a t e s  we m a y  put Vnj ~ 1/vj  = eonst;  in this ea se  we m a y  a s s u m e  as  be fo re  that 

Tj-- r~ (p) (~) 

and Eq. (4) b e c o m e s  
1 dTj Cg (7) 

D.~--Ts @i ~'j eff~j 

H e r e  %j = ~cjpj/v , Dj is a cons tan t  of in tegra t ion .  

We use  (6) to put for  the l iquid and gas  r e s p e c t i v e l y  that 

Pout 

P i =  - - "  P s -  ..~+1 (8) 
~h (r )  ' 12 >2 (T) P,iu Pz 

As Pj is  d e t e r m i n e d  apa r t  f r o m  an a r b i t r a r y  constant ,  we m a y  choose  the l a t t e r  such that  Pj = 0 on the 
f aces  AB and BC. 

We in t roduce  the d i m e n s i o n l e s s  quant i t ies  

Ps=Pj/P~:in; CIrj=~j/vjod; v;=vjVjo; x=x/d; [r 

H e r e  

plout pout 
dp I 1 ; p'~+~dp~ 

Pliri= - - "  P~in = 
Pl ( r ) '  ~ T~+lps (r) 

Pin P2:ln 

Vj0 is the f i l t ra t ion  r a t e  at point  D; the cons tan t s  Pj in, vj0 a r e  to be de t e rmined .  

dT i 
- - -  = M~ (D s - -  Tj). 

d[Jj 

(M t = Pl inelPl  a lPi /hleff ;  M2 = PiinCp P2 a 2/)~2eff). 

F r o m  Eq. (7) we have 

(9) 
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w h e r e  

We in t roduce  new independent  va r i ab l e s  v and/3 r e l a t e d  to the coord ina te s  x and y b y  

dxy= cos ~ d/lj __ sin [~ d~t; 
+ '  

d ~ =  sin ~ d/~s + cos ~ d ~ j ,  

(10) 

Xj= vTo+ld/%P j{n �9 

We get the following s y s t e m  of equat ions  in the coo rd ina t e s  v a n d / 3  a f t e r  u se  of (2) and (5): 

O~rj i Ofij O(Fj n + l  0/~j 
. . . .  ; - -  ___ �9 - - ,  (I1) 

+'  xj .  :."+' 

which a r e  t r a n s f o r m e d  by r e p l a c e m e n t  of the v a r i a b l e s  as  follows: 

1 lnvj; Qj(~, [~) /3jexp(--e~j) (12) 

and e l imina t ion  of ~j  to get for  Qj0", /3) a He lmhol tz  equat ion 

AQ i -:eiQ j= O. (13) 

H e r e  e 2 = n / 2 4 n  + 1. 

In the v a r i a b l e s  ~" and/3, the in f i l t r a t ion  r eg ion  is  an infinite s t r ip  of width 2/30 with a slot along the 
pos i t ive  s em iax i s  of "r (Fig.  lb ) .  Because  of this  s lot  Qj(7, fl) is  a funct ion of m o r e  than one sheet  in this  
reg ion ,  and it is t h e r e f o r e  de s i r ab l e  to r e s t r i c t  cons ide ra t i on  only to the upper  pa r t  of the bel t  for  /30 - /3 
> 0, within which Qj(T, /3) cons i s t s  of one shee t .  Th i s  c o r r e s p o n d s  to cons ide ra t i on  of in f i l t r a t ion  within 
the ha l f -wedge  ABD. 

At in te rna l  points  in r eg ion  ABD, we have finite va lues  for  Qj(~', fl); al though t h e r e  a r e  s ingu la r i t i e s  
at points  A and B, Qj(~', /3) is  abso lu te ly  in tegra l  with r e s p e c t  to ~" in the r ange  f r o m - ~ o  to +~o, as  can be 
d e m o n s t r a t e d  f r o m  phys ica l  cons ide ra t i on  of the s ingu la r i t i e s  at points  A and B. Then  we can apply to  
QjO', /3) a F o u r i e r  t r a n s f o r m a t i o n  with r e s p e c t  to "r within the in f i l t r a t ion  r eg ion .  

The  following is  a solut ion to the Helmhot tz  equat ion via  an in tegra l  F o u r i e r  t r a n s f o r m :  

1 ~ sh q ([~o--[$) 01 (k, O) exp (ik'~j) d~, (14) 

whe re  

0~ ()~, 0) = S Q{ (% 0) exp ( - - i~j )  d~3. (15) 
- -C / z  

Equat ion (15) conta ins  the unknown funct ion Qj('r, 0), which is  deduced via  the condi t ion that the l ine/3 = 0 
i s  a s t ra igh t  l ine.  

Cons ider  the l ine "r = constant  within the plane of the ha l f -wedge  (Fig.  la);  the f ami ly  of such l ines  is  
b o u n d e d b y  the cu rve  1- = 0, and the s y m m e t r y  condi t ion can be used only for  ~" <--0. We find for  ~" < 0 that 
Yt and Y2 move  s u c c e s s i v e l y  f r o m  point b to point b' fo r  ~- = constant  a n d t h e n  for  13 = constant  move  along 
the boundary  of the wedge f r o m  b' to A. We use  (10)-(12) to de t e rmine  Yl and Y2; summat ion  of these  
quant i t ies  g ives  us  an in tegra l  F o u r i e r - - F r e d h o I m  equa t ionde te rmln ingQjU- ,  0) for  ~- < 0: 

ao 

, )  lq-q 2 -2] /~+-- ]  + i ~  Qj(~,, 0)expi~Tfl~,=:i--~--]~ ~ 2V.~__~, i ~j. (16) 

Note that Qj(-r, 0) = exp (-e~'.) for  r >- 0 it is  phys i ca l ly  c l e a r  that Qj0-, 0) is  monotonic  a l so  for  7 
- r  where  it t ends  to ze ro  (Qj (~, 0) -- 1) toge the r  with a c e r t a i n  exponent ia l  exp roT; we put app rox i -  

ma te ly  for  "r < 0 
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Q] (% 0) ~ exp tnxi, (17) 

whe re  the fac to r  m has to be de t e rm i ne d .  

/3: 

Now f r o m  (16) we obtain via the t heo ry  of r e s i d u e s  an equat ion for  de t e rmin ing  the coeff ic ient  Xj: 

~ j =  1+ , - - n - ~ 2  " etg[~~247 ~ (k+l-W~ - 1] ( -i ) .  (18) 

We use  the t h e o r e m  of r e s i d u e s  with (14) and (17) to get the d i s t r ibu t ion  of Q in coord ina t e s  ~- and 

(k-+-l)sin (k + 1)g 

~ ' ~  6o exp(--K.~j) (~>0); Q(% 6) = ~0 - -6  exp(--e~j)+ ~ ( m + e )  ~-- ,  K,(e- -K~)(m+K~)  
~~ ~ ~=0 

(~9) 

(k§ 1) sin (k + 1) z~ 
sinqm(6~ expm~f[- ~ Z 60 e x p K ~  (x~0). 

Q (~, 6) sin q~[~o -~0 ( m + 0  K~ (~+K~) (m--K~) 
k = 0  

(20) 

V (~+ l) ~ ~ = Um-Z~-- ~. H e r e  I ( . =  e 2 +  ~ ; q,~ 

We use  the condi t ion ~ =  0 for  fi = 0, "r = oo with (10), (11), and (20) to get  a f o r m u l a  for  m: 
c~ 

qm ctg qrn~o § - -  (m + e) - -  (k+ 1) 3 =0.  
n + 2  

n + 2 ~o ~ t(. (K~--m)(~+K~) K~ 2 V~~-- i  

(21) 

m -  k = 0  
2 V n + l  

The solut ions  to (13) for  inf i l t ra t ion  of l iquid alone or  o f  gas  alone a r e  the same,  so 

Qx(% 6) --- Q2(% ~) and ~1 = X~ = Z. (22) 

As Qj(% /3) is d e t e r m i n e d  unambiguous ly ,  it fol lows f r o m  (8), (10), (12), (19), and (20) that the i sob a r s  
in the inf i l t ra t ion  r eg ion  r e m a i n  unchanged for  any constant  va lues  of the data in this  p r o b l e m .  Moreove r ,  
the i soba r s  for  in f i l t ra t ion  of l iquid alone coincide with the i s o b a r s  for  the case  of gas  mot ion p rov ided  
that n is the s a m e  in both i n s t ances .  

Now we can se lec t  Plout, Tlout ,  P2in, T2ln such that the solut ions  for  the l iquid in the zone AaCA 
and for  the vapor  in the zone ABCaA coincide  a long the l ine AaC and sa t i s fy  the condi t ions  for  the p r o b l e m .  
The b a s i s  fo r  this  is the c i r c u m s t a n c e  that in both the above c a s e s  the va lues  of ~j a r e  the same,  and 
a l so  that the l ines  Pj  = cons t  coincide  a p p r o x i m a t e l y  with the i s o t h e r m s ;  fu r ther ,  on any of these  l ines  and 
at each  point,  the gas  and l iquid f lows and the heat flux a r e  mutua l ly  p ropo r t i ona l .  

It is  suff ic ient  to r e s t r i c t  onese l f  to p ropo r t i ona l i t y  of the heat flux and coolant  flow at the points  of 
i n t e r s e c t i o n  of the l ines  ~j  = const  and DB in o r d e r  to solve  the p r o b l e m .  

The fol lowing condi t ions  should be met  at the point where  the boi l ing i s o t h e r m  m e e t s  the DB axis:  

OT~ OT 1 (23) 
1) T*=  F (p*); 2) T~* = 7"2*; 3) p~ = p~ ; 4) v~ = ply1,:; 5) ~2eff 0---~ - -  ~leff 0----~ ----- Lp~vI~; 6) x~ = x2* . 

Cons ider  condi t ion (6) in Eq.  (23); we get f r o m  Eq.  (10) for  the Dx axis  that 

dx i= - - "  1 exp ( n + 2 t  ) 
"Xj 2 V n + 1 "~1 [dQ~ (% O)--eQ~ (% O) d'rj] . 

This  means  that to mee t  condi t ion (6) in Eq. (23) we have 

Then  condi t ion  (4) in Eq. (23) g ives  

(24) 

v20=plvl0. (25) 
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F r o m  (22) we have 

alpgnp~+ l _ a~P~in. 

Condition (5) of (23) is then put as  follows: 

c 1 (D 1-  T*) pi -(~+I) -- cp (D2--T*) =L. 
Condition (1) of (23) is  the equation for the P - T phase  d iag ram for the liquid. 

F r o m  Eqs.(7)  and (9) we get express ions  for Tzin, Tlout , Pzin, Plout: 

T~in= D2_(D __T,) ( D,--TIn ) v~cp o"d~''c'. 
D x - -  T *  

D~-- To~ .1 'hc'/v'cp t'~ 
Tlout~Dl"(Dx--Tin) (' D2--T2i n ! 

�9 TIout 

Pmut = P i a +  ~ P l t n  Dx--TPa (T) dT; 
Tin 

TOUt 
(n~-2)P2in ~ 7~+llx~(T) dT. 

zm--  out M~. J D~----T 
r,in 

The constants  Dj a r e  deduced f r o m  the boundary conditions for  each zone: 

T* 

M 1 ~ ~t I (T) 
PI~---~ (P* - -  pin) ----- dT; D1--T ~m 

TOUt 

M~ [ nn+2 - -  (p,),+2] = t r~+tp,~ (T) dr. 
(n + 2)P~i n trout . D~--T 

T* 

(26) 

(27) 

(2s) 

(29) 

(30) 

(31) 

(32) 

(33) 

Then (19) and (20), together  with (8) and (25)-(33), define the t e m p e r a t u r e  and p r e s s u r e  d i s t r ibu-  
tions in r _/3 coordinates  when an incompress ib le  liquid inf i l t ra tes  a porous  wedge and boi ls  the re .  The 
convers ion  to x - y coordinates  is p e r f o r m e d  numer ica l ly  using Eq. (10). 

V 
Vx, Vy 
/3 

P 
T 
O/ 

P 
R 

C i 
Cp 

heft 
L 

d 
q = Xvr~+ ~2. 

N O T A T I O N  

is the veloci ty  of fi l tration; 
a r e  i ts  p ro jec t ions  on the coordinate  axes;  
is the angle of inclination of the f i l t ra t ion veloci ty  vec tor  to the axis  Dx; 

ts  the p r e s s u r e ;  
ts the t empera tu re ;  
ts the power - law f i l t ra t ion coefficient; 
ts the density; 
ts the gas  constant; 
ts the heat capaci ty  of the liquid; 
m the capaci ty  of the vapor  at constant p r e s s u r e ;  
Ls the mean  the rma l  conductivity of the liquid and the porous  medium; 
ts the latent  heat of vaporizat ion;  
~s the Four ie r  p a r a m e t e r ;  
~s the cha rac t e r i s t i c  dimension; 

S u b s c r i p t s  

* denotes p a r a m e t e r s  on the boiling i so therm;  
j = l ,  2; 
1 denotes p a r a m e t e r  cha rac te r i z ing  the liquid; 
2 denotes p a r a m e t e r s  of the gas  (vapor). 

1448 



L I T E R A T U R E  C I T E D  

1. S., N. Shorin, Heat T r a n s f e r  [[n Russ[an], Gos[zd. Lit. po Stroit .  i Arkh. ,  Moscow-Len ingrad  
(1952). 

2. R . P .  Berniker, ASME Paper No.60-WA-233, August (1960). 
3. P. N. Romanenko and Yu. P. Semenov, Abstracts for the Second AII-Union Conference on Heat and 

Mass Transfer [in Russian], Nauka i Tekhnika, Minsk (1964). 
4. V.K. Shchuk[n, Tepolo6nergetika, 1, 80 (1962). 
5. V.I .  Voronin and A. N. Glushakov~ Inzh.-Fiz. Zh., 13, 6 (1967). 

1449 


